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In this note we will present a stability property of the reverse isoperimetric inequality
newly obtained in [S.L. Pan, H. Zhang, A reverse isoperimetric inequality for convex
plane curves, Beiträge Algebra Geom. 48 (2007) 303–308], which states that if K is
a convex domain in the plane with perimeter p(K ) and area a(K ), then one gets p(K )2 
4π(a(K ) + |a˜(K )|), where a˜(K ) denotes the oriented area of the domain enclosed by the
locus of curvature centers of the boundary curve ∂K , and the equality holds if and only if
K is a circular disc.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
A bounded convex subset in the Euclidean space Rn is said to be an n-dimensional convex body if it is closed and has
interior points. Let C n denote the class of all n-dimensional convex bodies. If n = 2, a 2-dimensional convex body is usually
called a convex domain in the Euclidean plane R2.
There are many important inequalities in convex geometry and differential geometry, such as the isoperimetric inequality,
the Brunn–Minkowski inequality, the Aleksandrov–Fenchel inequality and so forth, see for instance [2,4,6,13,14,19], etc. Their
stability results are of great interest in geometric analysis, see, for example, [3,5,7–10,18], etc. An inequality in convex
geometry can be written
Φ(K ) 0, (1.1)
where Φ :C n →R is a real-valued function and (1.1) is supposed to hold for all K ∈C n . Let now C nΦ denote those elements
K ∈ C n for which the equality sign in (1.1) holds, i.e., Φ(K ) = 0 for all K ∈ C nΦ . For example, if n = 2, p(K ) denotes the
perimeter and a(K ) denotes the area of K , Φ(K ) = p(K )2 −4πa(K ), (1.1) is then the classical isoperimetric inequality in R2,
and in this case C 2Φ is known to consist of all circular discs.
We are interested in the stability problem associated with (1.1). That means, we ask if K must be close to a member of
C nΦ whenever Φ(K ) is close to zero. In order to give a precise formulation of this stability problem, it is necessary for us to
be given a measurement function g :C n ×C n →R that describes in some sense the deviation between two convex bodies.
g should satisfy the conditions:
(i) g(K , L) 0 for all K , L ∈C n;
(ii) g(K , L) = 0 if and only if K = L.
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follows:
Find positive constants c,α with property that whenever
Φ(K ) ε (1.2)
( for some ε  0), then there exists an L ∈C nΦ such that
g(K , L) cεα, (1.3)
or equivalently,
Find positive constants c,α with property that for each K ∈C n, there exists an L ∈C nΦ (L may depend on K ) such that
Φ(K ) cg(K , L)α. (1.4)
In this note we will focus our attention on the stability property of a reverse isoperimetric inequality in the plane R2,
newly obtained in [15], which states that if K ∈C 2 is a convex domain in the plane with perimeter p(K ) and area a(K ),
then one gets
p(K )2  4π
(
a(K ) + ∣∣a˜(K )∣∣), (1.5)
where a˜(K ) denotes the oriented area of the domain enclosed by the locus of curvature centers of the boundary curve ∂K ,
and the equality holds if and only if K is a circular disc.
One can check that the quantity a(K ) + |a˜(K )| can work out very nicely through the following example. If K is bounded
by the union of two cycloids, say, (t − sin t,−1 + cos t) and (t − sin t,−1 + cos t), t ∈ [0,2π ], then the locus of centers of
curvature consists of four half-cycloids contained in K , which can be described by (t − sin t − π,1+ cos t), t ∈ [π,2π ] and
t ∈ [2π,3π ], and (t − sin t − π,−1 − cos t), t ∈ [π,2π ] and t ∈ [2π,3π ]. Now the region bounded by the inside cycloids
can be cut into four pieces and ﬁt around the outside of K to ﬁll out a 4-by-2π rectangle, so that a(K ) + |a˜(K )| = 8π . In
this case, p(K ) = 16. So the inequality (1.5) is 256 32π2 in this example.
In Section 3, it is proved that the reverse isoperimetric inequality (1.5) does also have stability properties with respect
to both the Hausdorff distance and the L2-metric on C 2.
Remark. We would like to point out that the reverse isoperimetric inequality (1.5) should be generalized to higher dimen-
sional spaces or manifolds. Another open problem is whether there exists a best constant C such that
p(K )2  4πa(K ) + C∣∣a˜(K )∣∣, (1.6)
with equality in (1.6) holding if and only if K is a circular disc.
2. Preliminaries
In this section, we will recall some basic facts about plane convex geometry which will be used later on. Firstly, let
K ∈ C 2 be a convex domain and assume that the origin O of R2 lies in the interior of K , and let u be a unit vector in
R
2 and L(u) denote the supporting line of K that is perpendicular to u and on the same side of the origin. The oriented
distance from O to L(u), denoted by H(u), is called the Minkowski support function of K . Since u is usually determined by
the oriented angle, say θ , from the positive x-axis to u, one also writes H(θ) instead of H(u). It is clear that H(θ) is a
continuous 2π -periodic function.
Let p(K ) denote the perimeter and a(K ) the area of K , one can ﬁnd (see, for example, [1,8] or [12]),
p(K ) =
2π∫
0
H(θ)dθ, (2.1)
and if H is suﬃciently smooth, then
a(K ) = 1
2
2π∫
0
[
H2(θ) − H ′2(θ)]dθ, (2.2)
where ′ denotes the derivative with respect to θ .
The Steiner disc of K ∈ C 2, denoted by S(K ), is the circular disc with radius p(K )/2π and center at the Steiner point
which can be deﬁned in terms of the Minkowski support function
s(K ) = 1
π
2π∫
u(θ)H(θ)dθ. (2.3)0
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Steiner point of a convex body one may consult [11,16,17].
Let now β represent the locus of centers of curvature of the boundary curve ∂K , β can be determined by
β(θ) = (−H ′(θ) sin θ − H ′′(θ) cos θ, H ′(θ) cos θ − H ′′(θ) sin θ).
An elementary calculation, using the Green formula, can imply that the oriented area a˜ of the domain enclosed by β is
given by
a˜(K ) = 1
2
2π∫
0
(
H ′2(θ) − H ′′2(θ))dθ. (2.4)
Using the Wirtinger inequality for 2π -periodic C2 real functions gives us a˜ 0, which leads to the fact that β has a reversed
orientation against that of the original curve ∂K . For the proof, see [15]. Note that β is not necessarily convex.
Secondly, we wish to express p(K ), s(K ), a(K ), a˜(K ) in terms of the Fourier coeﬃcients of H(θ). Since the support
function of a given domain K is always continuous, bounded and 2π -periodic, it has a Fourier series of the form
H(θ) = a0 +
∞∑
n=1
(an cosnθ + bn sinnθ).
Differentiation of this with respect to θ gives us
H ′(θ) =
∞∑
n=1
n(−an sinnθ + bn cosnθ), H ′′(θ) = −
∞∑
n=1
n2(an cosnθ + bn sinnθ).
From (2.1) and (2.3), it follows immediately that
p(K ) = 2πa0, (2.5)
s(K ) = (a1,b1). (2.6)
By the Parseval equality, one can get
2π∫
0
H2(θ)dθ = π
(
2a20 +
∞∑
n=1
(
a2n + b2n
))
,
2π∫
0
H ′2(θ)dθ = π
∞∑
n=1
n2
(
a2n + b2n
)
,
2π∫
0
H ′′2(θ)dθ = π
∞∑
n=1
n4
(
a2n + b2n
)
,
which together with (2.2) and (2.4) give us
a(K ) = πa20 −
π
2
∞∑
n=2
(
n2 − 1)(a2n + b2n), (2.7)
and
∣∣a˜(K )∣∣= π
2
∞∑
n=2
n2
(
n2 − 1)(a2n + b2n). (2.8)
Finally, let K and L be two convex domains with respective support functions HK and HL . The most frequently used
function to measure the deviation between L and K is the Hausdorff distance,
h(K , L) = max
u
∣∣HL(u) − HK (u)∣∣.
Another such measure which appears to be of particular value with respect to stability problems is the measure that
corresponds to the L2-metric in function space. It is deﬁned by
h2(K , L) =
( 2π∫
0
∣∣HL(θ) − HK (θ)∣∣2 dθ
)1/2
.
It is obvious that h(K , L) = 0 (or h2(K , L) = 0) if and only if K = L.
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We consider now the stability properties of the reverse isoperimetric inequality (1.5) with respect to the deviation
measures h2 and h.
Theorem 3.1. Let K be a C2 and strictly convex domain of area a(K ) and perimeter p(K ), and let a˜(K ) denote the oriented area of the
domain enclosed by the locus of curvature centers of the boundary curve ∂K , S(K ) denote the Steiner disc associated with K . Then,
4π
(
a(K ) + ∣∣a˜(K )∣∣)− p(K )2  18πh2(K , S(K ))2. (3.1)
Equality sign in (3.1) holds if and only if the support function of K is of the form
H(θ) = a0 + a1 cos θ + a2 cos2θ + b1 sin θ + b2 sin2θ,
where a2 , b2 are small in comparison with a0 .
Proof. We may assume that s(K ) = O , then because of (2.5) and (2.6), the support functions HK and HS(K ) have the
following Fourier series
HK (θ) = p(K )/2π +
∞∑
n=2
(an cosnθ + bn sinnθ),
HS(K ) = p(K )/2π.
By using Parseval’s equality one can deduce that
h2
(
K , S(K )
)2 =
2π∫
0
∣∣HK (θ) − HS(K )∣∣2 dθ = π ∞∑
n=2
(
a2n + b2n
)
.
From (2.5), (2.7) and (2.8) it follows that
4π
(
a(K ) + ∣∣a˜(K )∣∣)− p(K )2 = 2π2 ∞∑
n=2
(
n2 − 1)2(a2n + b2n)
 18π2
∞∑
n=2
(
a2n + b2n
)
= 18πh2
(
K , S(K )
)2
.
And furthermore, it is easy to see that the equality holds if and only if
HK (θ) = a0 + a1 cos θ + a2 cos2θ + b1 sin θ + b2 sin2θ,
where a2,b2 are small in comparison with a0. 
To obtain a stability statement in terms of the Hausdorff metric, one can observe that the above proof of (3.1) yields an
explicit expression (in terms of the Fourier coeﬃcients) for the quantity 4π(a(K ) + |a˜(K )|) − p(K )2, namely
4π
(
a(K ) + ∣∣a˜(K )∣∣)− p(K )2 = 2π2 ∞∑
n=2
(
n2 − 1)2(a2n + b2n). (3.2)
Since it is easily seen that |an cosnθ + bn sinnθ |
√
a2n + b2n , one can get
∣∣HK (θ) − HS(K )(θ)∣∣=
∣∣∣∣∣a0 +
∞∑
n=1
(an cosnθ + bn sinnθ) − (a0 + a1 cos θ + b1 sin θ)
∣∣∣∣∣

∞∑
n=2
|an cosnθ + bn sinnθ |

∞∑√
a2n + b2n.
n=2
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h
(
K , S(K )
)

∞∑
n=2
√
a2n + b2n 
( ∞∑
n=2
1
(n2 − 1)2
)1/2( ∞∑
n=2
(
n2 − 1)2(a2n + b2n)
)1/2
.
One can calculate
∞∑
n=2
1
(n2 − 1)2 =
1
4
∞∑
n=2
[
1
(n − 1)2 +
1
(n + 1)2 −
1
n − 1 +
1
n + 1
]
= 4π
2 − 33
48
,
which together with (3.2) implies that
h
(
K , S(K )
)2  ∞∑
n=2
1
(n2 − 1)2
∞∑
n=2
(
n2 − 1)2(a2n + b2n)
= 4π
2 − 33
48
∞∑
n=2
(
n2 − 1)2(a2n + b2n)
= 4π
2 − 33
96π2
(
4π
(
a(K ) + ∣∣a˜(K )∣∣)− p(K )2),
and thus one has arrived at the following result:
Theorem 3.2. Under the same assumptions of Theorem 3.1, one gets
4π
(
a(K ) + ∣∣a˜(K )∣∣)− p(K )2  96π2
4π2 − 33h
(
K , S(K )
)2
. (3.3)
And equality in (3.3) holds if H(θ) = a0 + a1 cos θ + b1 sin θ , that is to say, K is a circular disc.
Remark. (i) Theorems 3.1 and 3.2 can be looked upon as strengthened forms of the reverse isoperimetric inequality (1.5).
(ii) Observe that although (3.1) cannot be improved for all K ∈C 2, it is possible to prove stronger inequalities for particular
kinds of convex domains. For example, if K is of constant width, the Fourier expression of the support function of K has
the property that an = bn = 0 for all even values of n. Checking the proof of (3.1),
h2
(
K , S(K )
)2 = π ∞∑
n=1
(
a22n+1 + b22n+1
)
,
4π
(
a(K ) + ∣∣a˜(K )∣∣)− p(K )2 = 32π2 ∞∑
n=1
n2(n + 1)2(a22n+1 + b22n+1)
 128π2
∞∑
n=1
(
a22n+1 + b22n+1
)
= 128πh2
(
K , S(K )
)2
,
where the equality sign holds if and only if HK (θ) = a0 + a1 cos θ + b1 sin θ + a3 cos3θ + b3 sin3θ . Similarly, (3.3) can also
be strengthened in this case. Since
∣∣HK (θ) − HS(K )(θ)∣∣ ∞∑
n=2k+1
k=1
√
a2n + b2n

( ∞∑
n=2k+1
k=1
1
(n2 − 1)2
)1/2( ∞∑
n=2k+1
k=1
(
n2 − 1)2(a2n + b2n)
)1/2
=
(
π2 − 9
48
)1/2( ∞∑
n=2k+1
k=1
(
n2 − 1)2(a2n + b2n)
)1/2
,
one gets
h
(
K , S(K )
)2  π2 − 9
96π2
(
4π
(
a(K ) + ∣∣a˜(K )∣∣)− p(K )2).
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